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On quantization of systems with seond
lass onstraints
A.G. Nuramatov and L.V. Prokhorov
Abstrat
It is shown that quantization of the dynamial systems
with seond lass onstraints atually an be redued to
quantization of the systems with first lass onstraints. The
motion of the non-relativisti partile along the plane urve
and on a surfae is onsidered. The results oinide with
those of the "thin layer method". Influene of the non-
physial variables on the physial setor is demonstrated.
1 Introdution
The issue of dynamial systems with onstraints dominates in the
modern physis. Gauge theories desribing all the known intera-
tions (gravitational, eletro-weak, strong) are typial examples of
suh systems. As it is well known [1℄, there are two lasses of on-
straints: the first and the seond ones. Appearane of onstraints
results in redution of the phase spae of the initial theory but
mehanisms of the redution differ for onstraints from different
lasses. To eluidate the problem we an take the simplest ase and
onsider the first lass onstraints as onditions on some anon-
ial momenta pr+1 = . . . = pr+s = 0 (s first lass onstraints,
r+s = n), and seond lass onstraints  as onditions on momen-
ta and the anonially onjugate oordinates pr+1 = . . . = pr+s = 0,
qr+1 = . . . = qr+s = 0 (2s seond lass onstraints). In both ases di-
mension of the physial phase spae (PS) beomes 2(n−s), beause
in the ase of the first lass onstraints the variables qr+1, . . .,qr+s
are also non-physial (they remain arbitrary). So, if we onsider
theory with n degrees of freedom, then in both ases the dimen-
sion of the physial phase spae is equal to 2n− 2s. In the lassial
theory this does not ause problems beause for the systems with
seond lass onstraints there is no arbitrariness while for the sys-
tems with first lass onstraints the arbitrariness an be removed
by gauge fixing
qr+1 = . . . = qr+s = 0. (1)
It is admissible, beause the theory does not impose any restritions
on evolution of the variables (1). Problems our after transition
to the quantum desription. One annot require the operator equa-
tions pˆr+1 . . . = pˆr+s = 0 to be fulfilled in the ase of the first
lass onstraints beause it ontradits to ommutation relations
[qˆr+k, pˆr+l] = ih¯δkl, 1 ≤ k, l ≤ s. And of ourse, one annot re-
quire it in presene of additional onditions qˆr+1 = . . . = qˆr+s = 0
(the seond lass onstraints). In the former ase there is natural
way out [1℄: it is suffiient to require realization of onstraints on
physial vetors Ψph
pˆr+1Ψph = ... = pˆr+sΨph = 0. (2)
But this reipe does not suite for the seond lass onstraints: ondi-
tions pˆΨph = qˆΨph = 0 are inompatible with anonial ommuta-
tion relations [qˆ, pˆ] = ih¯. Several ways out there was proposed. Two
of them are based on the fat, that variables qr+k, pr+k, 1 ≤ k ≤ s,
are non-physial. So, it is supposed that it is possible to hange
their dynamis arbitrary. Dira [1℄ proposed to hange the Pois-
son brakets {Φi,Φj}; for the seond lass onstraints (i.e. Φi = 0
det{Φi,Φj} 6= 0) he proposed to use new brakets
{f, g} → {f, g}D = {f, g} − {f,Φi}({Φi,Φj})−1{Φj, g}. (3)
The Dira brakets {f, g}D are equal to zero for onstraints Φi, i.e.
the latter beome the first lass onstraints and it is possible to
use onditions (2) ΦˆiΨPh = 0. Thus, non-physial anonial on-
jugate variables q, p beome independent (non-physial) variables.
Variables anonially onjugated them are ignored [2, p. 130℄.
In the reipe [35℄ one doubles the number of non-physial vari-
ables; it is postulated that the Poisson brakets of all non-physial
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anonial variables of the original system are equal to zero ("abelian
onversion"), while new variables are assumed be anonially on-
jugated to them. Then, it is again possible to use reipe (2) for on-
straints Φi. In fat, the Dira reipe is aomplished by introduing
anonially onjugated partners for non-physial "momenta" Φi.
Restrition of motion in the onfiguration spae (for example,
on some hypersurfae in Eulidean spae defined by onditions
ϕi(q1, . . . , qn) = 0, i = 1, . . . , s < n) is the typial reason for the
seond lass onstraints ourrene. In this approah quantum me-
hanis (QM) on a hypersurfae an be onsidered as a limiting ase
of ndimensional QM in an infinitesimally thin layer surrounding
the hypersurfae. Suh a method of quantization in urved spaes
is alled "the thin layer method". It appears in two forms. In the
first one it is required that the wave funtions beome zero on bor-
ders of the layer [6℄. In this ase dereasing of thikness of the
layer to zero leads to ourrene of states with infinite energy, and
"renormalization" of energy is needed for transition to QM on the
hypersurfae. In the seond method [7℄ one introdues an osillator
potential in diretions normal to the hypersurfae; when the elas-
tiity oeffiient tends to infinity wave funtion turns out onfined
on the hypersurfae. It was found in [7℄ that as a result some fun-
tion Vq ("quantum potential") is added to the BeltramiLaplae
operator on the hypersurfae (i.e. to kineti energy operator). It
turns out (and this is extremely important) that the potential Vq
depends both on intrinsi and extrinsi urvatures of the hypersur-
fae. By itself this fat is quite satisfatory, beause wave funtion
is a non-loal objet. It is remarkable that extrinsi urvature also
influenes motion of a quantum partile. In the lassial mehanis
motion of a point partile depends only on intrinsi geometry.
Path integral method gives quantum potential Vq =
h¯2R
12
, where
R  salar urvature of spae [8℄. And only mehanis with the
seond lass onstraints allows to reveal the important fat that
quantum potential depends not only on intrinsi but also on ex-
trinsi urvature. In setion 2 the results of different methods are
listed for the simplest ase  a partile on a sphere. All the men-
tioned methods give different results; it means that at least two of
them are inorret. In se. 3 a new method of quantization, natu-
rally following from rules of quantization of systems with the first
3
lass onstraints is presented. In setions 4, 5 it is shown, that for
a plane urve and surfaes in 3-dimensional Eulidean spae the
method gives the same results as the thin layer method. In se. 6
the influene of the non-physial setor of a system on the physial
one is disussed. It is shown, that quantum potential depends on
spae, in whih e.g. a urve is taken: a irle on a plane or on a
sphere. Thus, in QM the non-physial setor influenes the physial
one.
2 Partile on a sphere  three reipes of
quantization
In this setion we present results of quantization by three various
methods for simplest ase  a partile on the sphere of radius R in
Rn [5℄.
1. The Dira method. Constraints:
Φ1 = ~x
2 −R2,
Φ2 = (~p, ~x).
Hamiltonian:
Hˆ = − h¯
2
2
△n−1 + h¯
2n2
8R2
,
where △n−1  the BeltramyLaplae operator on the sphere.
Quantum potential is:
V Dq = +
h¯2n2
8R2
. (4)
2. The Abelian onversion method. Constraints Φ1, Φ2 are pos-
tulated abelian; new auxiliary variables Q and P , anonially on-
jugated to them are introdued.
{Q,Φ1} = {P,Φ2} = 1, {Q,Φ2} = {P,Φ1} = 0.
Then new onstraints
σ1 = Φ1 + P,
4
σ2 = Φ2 + 2~x
2Q,
are in involution:
{σ1, σ2} = 0.
The Hamiltonian is
H =
1
2(σ21 +R
2)
(σ22 + L
2
a),
where La = xipj − xjpi, a ≡ (ij)  omponents of the angular
momentum operator. Quantum potential is zero:
V ACq = 0.
3. The thin layer method. Motion on a surfae is onsidered as
a motion in the Eulidean spae between two parallel (equidistant)
surfaes when distane between the surfaes tends to zero [6℄. The
energy of the system tends in this ase to infinity. More attrative
looks the idea of taking "squeezing" potentials (e.g. by introduing
an osillator potential V = 1
2
γ~x2
⊥
, γ →∞, in normal diretions) [7℄.
Then for a partile on a surfae in 3-dimensional Eulidean spae
one obtains quantum potential
V ThLq = −
h¯2
2
(H2 −K) = − h¯
2
8
(
1
R1
− 1
R2
)2,
where H  the mean urvature, K  the Gaussian urvature,
R−11 , R
−1
2  the prinipal urvatures of the surfae. For a motion
on a irle (R1 = R,R2 =∞) we have
V ThLq = −
h¯2
8R2
.
For a motion on a sphere (R1 = R2) we have V
ThL
q = 0.
3 Redution to the ase of first lass on-
straints
The following method naturally follows from the first lass on-
straints quantization rules. Let qi, i = 1, . . . , n, be urvilinear or-
thogonal oordinates in Rn so that onditions qr+k − Ck = 0,
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Ck = const, k = 1, . . . , s, r = n − s, define a hypersurfae with
dimension n− s, i.e. oordinates qr+1, . . . , qn are normal to the hy-
persurfae, and pr+1, . . . , pn are momenta anonially onjugated to
them. Quantization an be done in two steps.
I. On solutions of the Shrodinger equation
− h¯
2
2
△Ψ(q1, . . . , qn) = EΨ(q1, . . . , qn), (5)
we impose onditions
Pˆr+kΨ(q1, . . . , qn) = 0, k = 1, . . . , n− s, (6)
where △  the Laplae operator in Rn in urvilinear oordinates,
and the momentum operators are:
Pˆj =
h¯
i
g−
1
4 ∂ˆjg
1
4 , Pˆ+j = Pˆj, j = 1, . . . , n, (7)
Pˆj are Hermitean in the Hilbert spae with the inner produt
(f1, f2) =
∫
dnq
√
gf¯1(q)f2(q) where g is determinant of the metri
tensor. After imposing onditions (6) the wave funtions atually
do not depend on non-physial oordinates
Ψph(q1, . . . , qn) = g
−
1
4Φ(q1, . . . , qr),
and it is possible to onsider the latter not as dynamial variables
but as parameters, beause now in the normalization ondition one
integrates only on physial variables∫
drq
√
g | Ψph |2= 1. (8)
II. Further, it is neessary: 1) substitute in Jaobians
√
g all
qr+k, k = 1, 2, . . . , s by Ck (resolve onstraints qr+k − Ck = 0);
2) move in the Hamiltonian all operators of non-physial momenta
Pˆr+k to the right (taking into aount the ommutation relationes)
and put them equal to zero (see (6)); 3) replae in the final oper-
ator all qr+k by Ck. It turns out, that this method gives the same
results as the thin layer method. The method looks natural, beause
in the ase of the first lass onstraints sometimes "additional on-
ditions" (suh as onditions (1)), are introdued ("gauge fixing").
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In the following setions we shall see, that this reipe in the nat-
ural way gives the Sñhrodinger equation on hypersurfae with quan-
tum potential depending both on intrinsi (salar urvature) and
extrinsi geometry (urvature of plane urve in R2 and mean ur-
vature H of a surfae in R3). This quantum potential depends not
only on geometry of hypersurfae, but also on geometry of imbed-
ding spae as shows an example of a irle in R2 and on a sphere S2
(setion 6). Notie, that we do not introdue squeezing potentials,
as in [6, 7℄, whih should keep a partile on the hypersurfae. The
idea of this "two-step redution" reipe was introdued in [9℄. The
reipe (5), (6) was onsidered [10℄, but was rejeted in favor of the
abelian onversion method.
4 Quantum potential on a plane urve.
We shall illustrate the reipe (5), (6) first for a plane urve with
urvature k(s), where s is length of an ar. We use speial urvilin-
ear oordinates ("oordinates of a thin layer ") q1, q2, where q1 
length of the ar of a urve from some "zero" point, q2  distane
between the urve and a plane point. The first quadrati form in
suh (semi-geodesi) oordinates beomes
dl2 = dq22 + gdq
2
1,
where
g = [1− q2k(q1)]2.
The lines q2 = const are equidistant urves parallel to the original
urve. Lines q1 = const are normal to it. The Sñhrodinger equation
for a free partile on a plane reads
− h¯
2
2
△Ψ(q1, q2) = EΨ(q1, q2), (9)
and the ondition on the wave funtion is
Pˆ2Ψ(q1, q2) = 0, (10)
where the momentum operator Pˆ2 is given by equation (7).
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It follows from (7), (10) that the wave funtion has the form:
Ψ(q1, q2) = g
−
1
4Φ(q1). (11)
Substituting this expression in (9) we obtain
− h¯
2
2
(
g−
1
2∂1[g
1
2 g−1∂1(g
−
1
4Φ)]− (g− 14Φ)[g− 14∂22g
1
4 ]
)
= E(g−
1
4Φ),
(12)
g−
1
4∂22g
1
4 = −1
4
k2
(1− q2k)2 ,
Taking q2 = 0, we reprodue the result of papers [6, 7℄:
− h¯
2
2
∂21Φ−
h¯2
8
k2Φ = EΦ,
i.e. quantum potential is equal to
Vq = − h¯
2
8
k2. (13)
5 Quantum potential for a partile on a
surfae in three-dimensional spae
Let's onsider a surfae Γ in spae R3. We introdue oordinates
q1, q2 suh that the first and the seond quadrati forms beome
diagonal
ds2 = h21dq
2
1 + h
2
2dq
2
2.
Following authors [6, 7℄, we introdue in the thin layer speial urvi-
linear orthogonal oordinates (oordinates of a thin layer). Equation
~r = ~r(q1, q2) parametrizes the surfae. A point in R
3
is harater-
ized by oordinates (q1, q2) of the surfae Γ and by the distane q3
from it:
~R(q1, q2, q3) = ~r(q1, q2) + q3~n(q1, q2),
where ~n is a normal to the surfae. Then the metris in R3 is:
ds2 = H21dq
2
1 +H
2
2dq
2
2 +H
2
3dq
2
3,
8
where
H1 = h1(1− q3k1), H2 = h2(1− q3k2), H3 = 1
and k1, k2 are prinipal urvatures.
The metris of the surfaes q3 = const, parallel to the surfae
Γ, is defined by
ds2 = H21dq
2
1 +H
2
2dq
2
2.
The stationary Sñhrodinger equation for a free partile in R3
reads
− h¯
2
2
△3Ψ(q1, q2, q3) = EΨ(q1, q2, q3).
We demand
Pˆ3Ψ = 0,
where Pˆ3
Pˆ3 =
h¯
i
G−
1
4 ∂ˆ3G
1
4 ,
G
1
2 = H1H2H3 = h1h2(1+q3(k1+k2)+k1k2q
2
3) = h1h2(1+2q3H+Kq
2
3),
where K and H are the Gauss and mean urvatures of the surfae
Γ. The wave funtion Ψ and the Laplae operator beome
Ψ(q1, q2, q3) = G
−
1
4Φ(q1, q2),
△3 = △2 +G− 12 ∂ˆ3(G 12 ∂ˆ3),
where △2  the BeltramiLaplae operator on the surfaes q3 =
const, i.e.
△3Ψ = △2Ψ+ΨG− 14∂3(G 12∂3G− 14 ).
Taking q3 = 0 we reprodue the result of papers [6, 7℄ :
− h¯
2
2
△2Ψ(q1, q2)− h¯
2
2
(H2 −K)Ψ(q1, q2) = EΨ(q1, q2),
i.e. quantum potential is equal to :
Vq = − h¯
2
2
(H2 −K). (14)
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6 Quantum potential and geometry of
embedding spae
As it was notied in Introdution quantum potential depends on
geometry of imbedding spae. To demonstrate this we onsider a
irle on a sphere and on a plane.
On the sphere of radius R take a irle θ = const (θ,φ are spher-
ial oordinates). Here φ is the physial oordinate, while θ  the
non-physial one. Metris is given by ds2 = R2(dθ2+sin2 θdφ2), and
g = R4 sin2 θ. Aording to Eq. (6) physial states are: Ψ(φ, θ) =
g−
1
4Φ(φ) = R−1(sin θ)−
1
2Φ(φ). The Shrodinger equation (5) takes
form:
− h¯
2
2
(
R−2 sin−2 θ
∂2Ψ
∂θ2
+ΨR−2 sin−
1
2 θ
∂
∂θ
[sin θ
∂
∂θ
sin−
1
2 θ]
)
= EΨ
and quantum potential is:
Vq = (− h¯
2
2
)R−2 sin−
1
2 θ
∂
∂θ
[sin θ
∂
∂θ
sin−
1
2 θ] = − h¯
2
8R2
[1 +
1
sin2 θ
].
(15)
On the other hand, in the ase of the irle with Rc = R sin θ on a
plane we had
Vq = − h¯
2
8(R sin θ)2
= − h¯
2
8R2c
. (16)
We see that quantum potential depends on the urvature of the
imbedding spae. Of ourse in the limit R → ∞, θ → 0, R sin θ →
Rc the results (15) and (16) oinide. In the framework of QM the
differene between Eqs. (15) and (16) is both natural and desirable:
wave funtion is a non-loal objet and we began with formulation
of the problem in the imbedding spae.
7 Conlusion
The analysis of existing quantization methods of systems with se-
ond lass onstraints shows that this problem is less trivial than
similar problem in the ase of first lass onstraints. These meth-
ods of quantization an be divided into two groups.
10
To the first group we attribute the methods admitting that
the non-physial setor annot influene the physial one, so one
an arbitrary hange dynamis of the non-physial variables: for
example to replae their Poisson brakets by Dira brakets [1℄ or
to set Poisson brakets equal to zero for all non-physial anonial
variables [3, 4℄, adding extra non-physial variables. Appliation of
these reipes to the elementary systems gives the different results
that means: in the quantum theory one annot hange arbitrary
the dynamis of the non-physial setor.
The methods in the seond group do not modify dynamis of
the non-physial setor. So, in papers [6, 7℄ the quantization is
made in spae of all variables, both physial and non-physial ones
("the thin layer method"). In the limit of vanishing thikness of
the "layer" one gets quantum theory on the physial subspae.
The final result differs from results, reeived by methods from the
first group. Unfortunately this reipe requires large auxiliary work.
It turns out however that there is a more diret way  method
of "redution the problem to the first lass onstraints problem"
resulted in se. 3.
Let's address in onlusion the question of influene of non-
physial setor on the physial one. We see, that the non-physial
setor influenes the physial one in all the methods of quantization.
It means that the problem of quantization on, say, a urve is by
itself set inorretly. It is neessary to speify spae, in whih the
urve is imbedded. For example, in the ase of a plane, the quantum
potential Vq is given by (16) (radius of a irle is equal to R sin θ),
and if the irle is on the sphere of radius R the potential Vq is given
by (15). The result looks paradoxial only from the point of view
of the lassial theory. In quantum theory the motion of partiles
is desribed by wave funtions, and it is not surprising that the
motion on a irle depends on the outer spae  sphere or plane.
In the first ase the wave funtion does not depend on one of the
spherial oordinates (angle θ), while in seond one  on the radial
variable.
Conlusion: in quantum mehanis desription of motion in
urved spaes by itself, i.e. ignoring the imbedding spae, is sense-
less.
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